Abstract. In this paper, we shall prove that a grand Fujii-Fujii-Nakamoto operator inequality implies operator order and operator chaotic order under different conditions.
Introduction
A capital letter, such as T , stands for a bounded linear operator on a Hilbert space H.
T ≥ 0 means T is a positive operator and T > 0 means T is a positive and invertible operator.
A ≥ B and log A ≥ log B are called operator order and operator chaotic order, respectively.
There are many sufficient conditions and necessary conditions of operator order and operator chaotic order, such as [1] , [2] , [3] , [5] .
In 1993, M. Fujii, T. Furuta and E. Kamei obtained the following result on operator chaotic order. for some t > s > 0, then the following result hold:
(I) If t ≥ 3s − 2 ≥ 0, then log B ≥ log A, and if t ≥ s + 2 is additionally assumed, then B ≥ A;
, then log B ≥ log A, and if t ≥ s + 2 is additionally assumed, then B ≥ A. In this paper, we will extend Theorem 1.2 and show some results on operator order and operator chaotic order.
In order to prove our results, we list a famous operator inequality here, which is called Furuta inequality.
Main Results
In this section, we shall show the main results and prove them.
appears n times, B 2t n appears n−1 times
for some t > s > 0 and n ≥ 2, then the following results hold:
(I) If (n + 2)s + (n − 2)t > n ≥ 3s − t, then log B ≥ log A, and if additional condition t − s ≥ n is assumed, then B ≥ A;
(II) If (n + 2)s + (n − 2)t ≤ n, then log B ≥ log A, and if additional condition t − s ≥ n is assumed, then B ≥ A.
Proof of (I). Firstly, put 
Notice that n n+2(t−s) nl+2(t−s) ≥ 1 due to the fact that n ≥ 3s−t. Apply Löwner-Heinz inequality to (2.2), then the following inequality is obtained.
which is equivalent to Taking reverse and then taking logarithm on both sides of (2.4), log B ≥ log A is obtained.
If t − s ≥ n, taking reverse and applying Löwner-Heinz inequality to 0 < n t−s ≤ 1, B ≥ A holds, obviously. (II) If 5s + t ≤ 3, then log B ≥ log A.
Proof of (II). According to Löwner-Heinz inequality, (2.1) implies that
Proof. We only need to set n = 3 in Theorem 2.1. for some t > s > 0, then the following result hold:
(I) If 4s > 3 ≥ 3s − t, then log B ≥ log A, and if t − s ≥ 3 is additionally assumed, then B ≥ A;
(II) If 3 ≥ 4s, then log B ≥ log A, and if t − s ≥ 3 is additionally assumed, then B ≥ A.
Proof. We only need to set p = 3 in Theorem 2.2.
